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1 Ginzburg-Landau Theory

Free Energy functional in terms of the order parameter , Ψ, and vector potential , ~A:

F[Ψ,~A] =
∫

dV

[
aτ|Ψ|2 + b

2
|Ψ|4 +K

∣∣∣∣(~∇+ i
Q

~c
~A

)
Ψ

∣∣∣∣2

+ (~∇×~A)2

8π

]
(1)

where τ= 1−T /Tc . Spontaneous breakdown of the symmetry at Tc
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Minimization leads to the Ginzburg-Landau equations (with ~D =~∇+ i Q
~c
~A):

aτΨ+b|Ψ|2Ψ−K~D2Ψ= 0 (2)

Ψ∞ =
p
−aτ/b ⇒ψ−ψ3 +ψ′′ = 0

Ψ=Ψ∞ tanh(x/ξ
p

2), ξ2 = K
|a|
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(3)

∇2~B = 4πKQ2Ψ2∞
~2c2

~B

Bz (x) = Bext exp(−x/λL), λ2
L = ~2c2
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1.1 Abrikosov Classification of Superconducting Types

Abrikosov’s solution to the linearized GL equation controlled by the Ginzburg-Landau parameter,
κ=λ/ξ. Type-I × Type-II superconductors: the vortex phase .

−
(
~∇+ i

Q

~c
~A

)2

Ψ= 1

ξ2Ψ, ~A = H x ĵ

Hc2 =
p

2κHc
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Gs =
∫
gs d 3x, gs = fs +

H 2
c

8π
− Hc B

4π
, (4)

σsn =
∫ ∞

−∞
d x

[
−|Ψ|4

2
+

(
~B − ~Hc

)2

8π

]
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2 Bogomolny Equations (2D systems)

Define the operators
Π± = Dx ± i D y (5)

One can easily prove that
Π+Π− = ~D2 +|Bz |. (6)

Then, when Π−ψ= 0 , one has

ψ−|ψ|2ψ+~D2ψ= 0

ψ−|ψ|2ψ−|Bz |ψ= 0

|Bz | = 1−|ψ|2

1

4π
~∇×~B = iK Q

~c

[
Ψ∗~DΨ−Ψ~D∗Ψ∗]

(7)

κ= κ0 = 1/
p

2
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Anomalous behavior close to the Bogomolny point

Pb-1.89 wt.% Tl
329 Oe
1.25K

Krageloh, 1969

Nb s.c. 4.18K Kumpf, 1971
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Auer and Ullmaier, (1973): TaN (κ= 0.665: Type-I in principle)
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PRB 94, 054511 (2016)
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2.1 Theoretical Problem
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3 Extended Ginzburg-Landau Theory

BCS Hamiltonian for N = 1, 2, 3... overlapping bands (Suhl et al. PRL 1959):

HBCS =
N∑

i=1

{ ∑
σ=↑,↓

∫
d D xψ†

iσ(~x)Ti xψiσ(~x)+
∫

d D x
[
ψ†

i↑(~x)ψ†
i↓(~x)∆i (~x)+H .c.

]}
(8)

where Ti x is the single-electron kinetic energy operator of nth band and the energy gap are

Ti x ≡− ~2

2me

(
~∇− i

e

~c
~A

)2
−µi ∆i (~x) =

N∑
j=1

gi j 〈ψ j↑(~x)ψ j↓(~x)〉 . (9)
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Complex time formalism: t= i t and operators in the Heisenberg picture

ψiσ(~x,t) = exp(HBCSt/~) ψiσ(~x) exp(−HBCSt/~), (10)

ψ̄iσ(~x,t) = exp(HBCSt/~) ψ†
iσ(~x) exp(−HBCSt/~). (11)

−~∂tψi↑(~x,t) = [
ψi↑(~x,t),HBCS

]= Txψi↑(~x,t)+∆(~x)ψ̄i↑(~x,t) (12)
−~∂tψ̄i↓(~x,t) = [

ψ̄i↓(~x,t),HBCS
]=−T ∗

x ψ̄i↓(~x,t)+∆∗(~x)ψi↑(~x,t) (13)
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−~∂tGi (~x,t;~x ′,t′) = ∂t 〈Ttψi↑(~x,t)ψ̄i↑(~x,t)〉
= δ(t− t′)δ(~x −~x ′)+Ti xGi (~xt;~x ′t′)+∆i (~x)F̄i (~xt;~x ′t′), (14)

−~∂tF̄i (~x,t;~x ′,t′) = ∂t 〈Ttψ̄i↓(~x,t)ψ̄i↑(~x,t)〉
=∆∗

i (~x)Gi (~x,t;~x ′,t′)−T ∗
i xF̄i (~x,t;~x ′t′), (15)

−~∂tḠi (~x,t;~x ′,t′) = ∂t 〈Ttψ̄i↓(~x,t)ψi↓(~x,t)〉
= δ(t− t′)δ(~x −~x ′)+∆∗

i (~x)Fi (~x,t;~x ′,t′)−T ∗
i x Ḡi (~x,t;~x ′,t′), (16)

−~∂tFi (~x,t;~x ′,t′) = ∂t 〈Ttψi↑(~x,t)ψi↓(~x,t)〉
= T ∗

i xFi (~x,t;~x ′,t′)−∆i (~x)F̄i (~x,t;~x ′,t′) (17)

where Tt is the time-ordering operator.
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The Fourier components of the Green functions Y = {
G, Ḡ,F ,F̄

}
are given by

Y(~x,t;~x ′,t′) = 1

β~

∞∑
n=−∞

exp
[−iωn(t′− t)

]
Yωn

(~x,~x ′), (18)

Yωn
(~x,~x ′) = 1

2

~β∫
−~β

dη exp
[
iωn(t′− t)

]
Y(~x,t;~x ′,t) (19)

where ωn =π(2n+1)/β~ are the fermionic Matsubara frequencies. In the absence of condensate,
one has Unperturbed Green’s functions:

G(0)
iω (~z =~x ′−~x) =−πNi (0)

ki z
exp

[
−i

e

~c

∫ ~x

~x′
~A(~y) ·d~y

]
exp

[
isgn(ω)ki z − |ω|

vi
z

]
(20)

where Ni (0) = me ki
2π2~2 is the density of states at the Fermi surface. ⇒ ξi 0 ∼ ~vi

πTc
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Fs =Fn +
∫
d3x

[~B 2(~x)

8π
+~∆ ·γ ·~∆−

N∑
i=1

∫
d3xKi a(~x,~y)∆∗

i (~x)∆i (~y)

− 1

2

∫ (
3∏

j=1
d3 y j

)
Ki b(~x,~y1,~y2,~y3)∆∗

i (~x)∆i (~y1)∆∗
i (~y2)∆i (~y3)

− 1

3

∫ (
5∏

j=1
d3 y j

)
Ki c (~x,~y1,~y2,~y3,~y4,~y5)∆∗

i (~x)∆i (~y1)∆∗
i (~y2)∆i (~y3)∆∗

i (~y4)∆i (~y5)− . . .

]
,

Ki a(~x,~y) =−g T lim
t′−t→0+

∑
ω

exp[−iω(t′− t)]G(0)
iω (~x,~y)Ḡ(0)

iω (~y ,~x), (21)

Ki b(~x,~y1,~y2,~y3) =−g T
∑
ω
G(0)

iω (~x,~y1)Ḡ(0)
iω (~y1,~y2)G(0)

iω (~y2,~y3)Ḡ(0)
iω (~y3,~x), (22)

Ki c (~x,~y1, ...,~y5) =−g T
∑
ω
G(0)

iω (~x,~y1)Ḡ(0)
iω (~y1,~y2) ... Ḡ(0)

iω (~y3,~y4)G(0)
iω (~y4,~y5)Ḡ(0)

iω (~y5,~x). (23)
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Series expansion of the gaps inside integrals due to divergence of typical lengths close to Tc .
Defining ~z =~y −~x, then

∆i (~y) =
∞∑

j=0

(~∇·~z) j

j !
∆i (~x) (24)

Expansion of the relevant quantities in powers of τ

~∆(~x) = τ1/2 [
~∆(0)(~x)+τ~∆(1)(~x)+O(τ2)

]
(25)

~A(~x) = τ1/2 [
A(0)(~x)+τa(1)(~x)+O(τ2)

]
(26)

~B(~x) = τ1/2 [
B(0)(~x)+τb(1)(~x)+O(τ2)

]
(27)

Standard perturbation theory: collection terms of equal power in τ, in special

~D∆(n)
i (~x) =

(
~∇− i

2e

~c
~A

)
∆(n)

i (~x) ∝O(τn+1). (28)
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fs = τ2 (
τ−1f(−1) + f(0) +τf(1) + ...

)
,

f(−1) =~∆(0) ·L ·~∆(0), (29)

f(0) =
~B2

8π
+ (
~∆(0) ·L ·~∆(1) + c.c.

)+∑
i

[
ai |∆(0)

i |2 + bi

2
|∆(0)

i |4 +Ki |D∆(0)
i |2

]
, (30)
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f(1) =
~B ·~b
2π

+ (
~∆(0) ·L ·~∆(2) + c.c.

)+~∆(1) ·L ·~∆(1) +∑
i

(
f(1)

i ,1 + f(1)
i ,2

)
, (31)

f(1)
i ,1 =

ai

2
|∆(0)

i |2 +2Ki |~D∆(0)
i |2 + bi

36

e2~2

m2c2
~B2|∆(0)

i |2 +bi |∆(0)
i |4

−Qi

{
|~D2∆(0)

i |2 + 1

3
(~ji ·~∇×~B)+ 4e2

~2c2
~B2|∆(0)

i |2
}

− Li

2

{
8|∆(0)

i |2|D∆(0)
i |2 +

[
∆(0)2

i

(
D∗∆∗(0)

i

)2 + c.c.

]}
, (32)

f(1)
i ,2 =

(
ai +bi |∆(0)

i |2
)(
∆∗(0)

i ∆(1)
i + c.c.

)
+Ki

[(
~D∆(0)

i ·~D∗∆∗(1)
i + c.c.

)
− (~a ·~ji )

]
(33)
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Gor’kov Shanenko et al.
ai bi Ki ci Qi Li

−Ni (0) 7ζ(3)
8π2T 2

c
Ni (0) bi

6 ~
2v2

i
98ζ(5)

128π4T 4
c

Ni (0) ci
30~

4v4
i

ci
9 ~

2v2
i

where
Ni (0): Density of states at the Fermi level for band i = 1, ..., N

vi : Fermi velocity for band i = 1, ..., N
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Expressing relevant quantities in dimensionless units:

~x →λL
p

2~x, ~A→ H (0)
c λL

κ
~A, ~B→ H (0)

cp
2κ
~B, ∆(0) →Ψ∞Ψ (34)

the Gibbs free energy difference becomes

gs = τ2 (
g(0)

s +τg(1)
s + ...

)
, (35)

g(0)
s = 1

2

(
|~B|p

2κ
−1

)2

+ 1p
2κ2

|~DΨ|2 −|Ψ|2 + 1

4
|Ψ|4, (36)

g(1)
s =

(
|~B|p

2κ
−1

)(
1

2
+ ac

3b2

)
− |Ψ|2

2
+|Ψ|4 + |~DΨ|2

κ2 + 1

4κ4

aQ
K2

{
|~D2Ψ|2 + 1

3
(~∇×~B)2 +~B2|Ψ|2

}
+ 1

4κ2

aL
bK

{
8|Ψ|2|~DΨ|2 + [Ψ2(~D∗Ψ∗)2 + c.c]

}
+ ac

3b2 |Ψ|6. (37)
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With this expression, it is possible to determine the boundaries between types I and II in the
(κ,T ) plane by expanding Gs around κ0 = 1/

p
2

Gs = τ2

(
G(0)

s + dG(0)
s

dκ

∣∣∣
κ=κ0

δκ+τG(1) + ...

)
(38)

where δκ= κ−κ0. Simplification from Bogomolnyi self-dual equations:

Gs = τ2
{
−p2Iδκ+τ

[(
1− ac

3b2 +2
aQ
K2

)
I+

(
2

aL
bK

− ac

3b2 − 5

3

aQ
K2

)
J

]
+ ...

}
(39)

where I = ∫ |Ψ|2(1−|Ψ|2)d 3x and J = ∫ |Ψ|4(1−|Ψ|2)d 3x.

Nucleation condition, Gs (κ,T ) = 0, provides

κ∗ = κ0

{
1+τ

[
1− ac

3b2 +2
aQ
K2 + J

I

(
2

aL
bK

− ac

b2 − 5

3

aQ
K2

)]}
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Configuration of Ψ where the onset of attractive interaction between two vortices: J /I → 2

Configuration of Ψ for equal thermodynamic critical fields J /I → 0.

Vagov et al., 2016
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4 Anisotropy and the Inter-Type Domain

Consider an anisotropic kinetic part of the Hamiltonian

T =−
3∑

j=1

~2

2m j

(
∂ j − i

e

~c
A j

)2
−µ. (40)

The domain of integration of the unperturbed Green function is the elliptic Fermi surface and
the dispersion relation becomes anisotropic

G(0)
ω (~x,~x ′) = exp

[
−i

e

~c

∫ ~x

~x′
~A(~y) ·d~y

]∫
d 3k

(2π)3

exp[i~k · (~x −~x ′)]

i~ω−ξk
, ξk =

3∑
j=1

~2

2m j
k2

j −µ. (41)
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By a matter of scaling, one can map this Hamiltonian into the isotropic case.

x̃i = 1p
αi

xi , Ãi =p
αi Ai , B̃i = 1p

αi
Bi , (42)

This scaling must result in a unique electronic mass M for each direction

−
3∑

j=1

~2

2m j

(
∂ j − i

e

~c
A j

)2
−µ → −

3∑
i=1

~2

2M

(
∂̃ j − i

e

~c
Ãi

)2
−µ (43)

and does not induce alteration in the elements of volume after this variable change

αi mi =α j m j = M (∀ i , j ),∏3
i=1

p
αi = 1

}
⇒αi = M

mi
, M = 3

√
mx my mz . (44)
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This mapping works for arbitrary order of expansion of the gap! In particular, 1st order

a∆0 +b|∆0|2∆0 − K̃D̃2∆0 = 0

∇̃× B̃0 = 4πK̃i 2e
~c

(
∆0D̃∗∆∗

0 −∆∗
0 D̃∆0

) →


a∆(0) +b|∆(0)|2∆(0) −

(
KxD2

x +KyD2
y

)
∆(0) = 0

1
αz
∂y B = 4πKx i 2e

~c

(
∆0D∗

x∆
∗
0 −∆∗

0Dx∆0
)

1
αz
∂x B =−4πKy i 2e

~c

(
∆0D∗

y∆
∗
0 −∆∗

0Dy∆0

)
.

(45)
Renormalization of DOS’: a =−αz N (0), b =αz N (0) 7ζ(3)

8π2T 2
c
and K j = b

2~
2v2

j . From this set of
equations one extracts the characteristic lengths

ξ(z)
j =

√
K j

|a| , λ(z)
j =

√
~2c2b,

32π2e2K j |a|
⇒ κ(z) =

√
κ(z)

x κ(z)
y (46)

where j = x, y and the superscript z reflects the field direction.
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Intertype domain in the κx ×κy diagram and comparison with experimental results from Weber,
(1978)

√
κxκy = κ0

κy
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Obrigado!!
Thank you!!
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